The elastic solution in the vicinity of a traction free edge and an interface crack in cross-ply anisotropic laminates is provided in details for three problems. Complex eigen-pairs and edge stress intensity functions are computed with high accuracy, aimed to serve as benchmark problems against which other numerical methods can be checked.
Introduction
Delamination starting at a traction free edge or interface cracks between plies lead most frequently to catastrophic failures in cross-ply laminates. Many of these laminates are made of brittle anisotropic materials and occupy three-dimensional (3-D) domains, therefore the 3-D elastic solution in the vicinity of these edges (a crack front is a particular case of a general edge) is of major engineering interest. The mathematical complexity of the 3-D anisotropic elasticity system in the vicinity of an edge makes it intractable by analytical methods and very complex even for numerical treatment. Therefore most of past studies reduced the problem to two-dimensions addressing the solution in the vicinity of singular points, see, e.g. [4, 6] . Only very limited studies considered restricted classes of 3-D edge singularity problems, as [2] for instance which investigates the specific through interface crack between a ±45°transversely isotropic pair of materials.
Recently, the explicit mathematical representation of the 3-D elastic solution in the vicinity of a straight edge has been provided and the quasi-dual function method was proposed for the extraction of edge stress intensity function (ESIF) [1] . This enabled the development of highly accurate numerical methods [8, 7, 3] for the computation of elastic solutions for three benchmark problems including the full expansion in the vicinity of a traction free edge and interface crack. The problems are suggested to be used as benchmarks against which methods for the computation of edge stress intensity functions can be compared.
The elastic solution in the vicinity of an edge
Consider a 3-D domain in which a straight edge is of interest (see Fig. 1 for example). A cylindrical coordinate system (r, h, x 3 ) is located at a point on the edge so that the x 3 axis is along the edge. The two flat planes that intersect at the edge are denoted by C 1 and C 2 . The displacement vector and strain and stress tensors are represented in cylindrical coordinates: u ¼ fu r ; u h ; u x 3 g T , e = {e rr , e hh , e 33 , c h3 , c r3 , c rh } T and r = {r rr , r hh , r 33 , r h3 , r r3 , r rh } T . The linear elasticity problem is being solved by means of separation of variables, yielding in an elastic solution that can be presented in the vicinity of an edge by the series [1, 8] : or in a more explicit form:
where A i (x 3 ) is the Edge Stress Intensity Function (ESIF) associated with the ith eigen-pair, the singular function U 
Remark 1. For traction free boundary conditions in the vicinity of an edge, the first three non-negative eigen-values are zero. These zero eigen-values correspond to three rigid body displacements in the x 1 , x 2 , x 3 directions having constant eigen-vectors and zero stress tensor. The shadows are associated therfore with integers (a + i = i), resulting in polynomials in x 1 , x 2 thus do not contribute to singularities but only to the ''Taylor-expansion'' of the regular part of the solution.
In general, primal and shadows associated with nonnegative integers are polynomials, which do not contribute to the singularities and are of limited engineering interest.
For these, instead of (3) a polynomial expression in x 1 , x 2 is more appropriate for the representation of displacements in x 1 , x 2 directions. Remark 2. We have determined that 14 terms in (3) are sufficient to represent accurately the eigen-functions and shadows for the three example problems in Section 3. All data presented herein have a L 2 relative error of less than 10 À3 % when (3) with 14 terms is compared to the eigenpairs and shadows computed by very high order finite-element methods documented in [3] .
There are cases for which an eigen-value is complex, i.e. a i ¼ a iR þ ıa iI and so are its corresponding eigen-function and shadows u 
A straightforward algebraic manipulation allows to represent (4) without complex numbers: 3. Benchmark problems p-Finite-element methods have been utilized for the solution of three benchmark problems: The first is a crack at a bi-material interface between two isotropic materials, the second is a crack in a compact test specimen at an interface of two anisotropic materials, and the third is an edge at the intersection of two anisotropic materials and traction free face. These solutions, including the eigen-pairs, shadow functions and ESIFs are provided in this section.
Benchmark problem A -crack at the interface of two isotropic materials
A bi-material interface is composed of two homogeneous materials, as shown in Fig. 1 . The two materials are isotropic, both having Poisson ratio of m = 0.3, with Young's modulus E = 10 of the upper material (material #1) and E = 1 of the lower material (material #2). This example was chosen to present a slightly simplified situation having an entire series expansion available. The first three eigen-values for this example problem are [5] :
The eigen-functions and first two shadow functions for this benchmark problem are given by (3) when using the constants C k provided in Tables 1 and 2 . The eigen-function and the first two shadow functions associated with the first two eigen-values are presented in Fig. 2 . The eigen-pairs and shadows of example A are obtained numerically (see [3] ) and therefore (8) represents an approximation of the exact functions. This approximation however is of very high accuracy (assured by inspecting the convergence as the polynomial degree is increased to high values).
The chosen ESIFs are polynomials of degree 2:
therefore the solution in the vicinity of the edge is:
For the domain in Fig. 1 defined by {(r, h, x 3 )j0 6 r 6 1,0 6 h 6 2p, À 1 6 x 3 6 1} on which traction free boundary conditions on the crack faces and Dirichlet boundary conditions on r = 1 and x 3 = ±1 are prescribed according to (7), (8), one obtains the exact solution (7), (8) at each r, h, x 3 . The crack faces are traction free.
To examine the accuracy of series (8) we computed two error measures. First, we constructed a very refined finiteelement mesh of the domain in Fig. 1 and applied boundary conditions according to (8) on its boundary. After increasing the polynomial order over all elements up to p = 8 and obtaining a FE solution with high accuracy we extracted numerically the pointwise displacements at 10 Table 1 C k of real part of the eigen-function, and first two shadow functions associated with a 1,2 = 0.5 ± i0.075812 -example A u x3 associated with u 0 , u r , u h associated with u 1 and u x3 associated with u 2 are zero. The constants C 6 , C 7 , C 10 , C 12 , C 13 , C 14 are zero.
randomly selected points in the domain. These were within less than 0.1% relative error compared to (8) . Thereafter we computed the traction at the two traction free crack surfaces, using (8) (having a 3 only) where A 3 ¼ 5 þ 4x 3 þ 2x 2 3 and the C k coefficients in Table 2 . Although the traction should be zero (traction free boundary conditions on the two surfaces) the calculated traction is of an order of 10 À5 due to small numerical errors.
Example G-CTS: crack at the interface of two anisotropic materials
Consider the classical compact tension specimen (CTS) of a constant thickness 2 (À1 < x 3 < 1), shown in Fig. 3 . The CTS's faces are traction free and it is loaded by bearing loads at the tearing holes having an equivalent force of 100 in the x 2 direction as seen in Fig. 4 . Although the loading is independent of x 3 , because of the vertex singularities at x 3 = ±1 the ESIFs changes as the vertices are approached.
The CTS is made of two orthotropic materials made of the same high-modulus graphite-epoxy composite with different fiber orientation. The material properties are:
The subscripts L, T, z refer to fiber, transverse and thickness direction of the composite. The fibers orientation in the upper material is +45°and in the lower material À45°. u r , u h associated with u 0 , u x3 associated with u 1 and u r , u h associated with u 2 are zero. The constants C 6 , C 7 , C 10 , C 12 , C 13 , C 14 are zero. Tables 3 and 4 . The first three ESIFs were computed by the quasi-dual function method in conjunction with the p-version of the finite-element method (see FE mesh in Fig. 4 ) according to [3] and presented in Fig. 5 .
Example M-CTS: two cross-ply anisotropic materials
Consider a bi-material interface structure of constant thickness 2 (À1 < x 3 < 1), shown in Fig. 6 . This structure is similar to the CTS in previous section, having traction free boundary conditions on all faces except the bearing loads of a magnitude of 100 in the x 2 direction at the holes, see Fig. 7 . Because of the vertex singularities at x 3 = ±1 the first ESIF tends to infinity as the vertices are approached.
This structure is made of two orthotropic materials made of the same high-modulus graphite-epoxy system with different fiber orientation. Material properties are given in (9) with fiber orientation in the upper material at x 1 direction whereas the orientation in the lower material is at x 3 direction.
Only the first eigen-value for this example problem results in a singular stress (and is of very mild singularity):
other eigen-values are larger or equal to 1 and therefore are of no engineering importance. As for Example G, in this example there is an infinite number of shadow functions in (3) also. Only the first eigen-function and its shadows in the solution (3), are given by the coefficients C k 's in Table 5 . Fig. 3 . Example G: Dimensions of the CTS (thickness is 2, À1 < x 3 < 1) .   Fig. 4 . Example G: The p-finite-element mesh used for ESIF extraction. Table 3 C k of real and imaginary parts of eigen-function and first two shadow functions associated with a 1,2 = 0.5 ± ı 0.034328 -example G Table 4 Ck of eigen-function and first two shadow functions associated with a3 = 0.5 -example G 0 6 h 6 180 180 6 h 6 360 The constants C2, C3, C4, C10, C12, C14 are zero.
Real part
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The first ESIF (the only one of engineering relevance) is extracted and plotted in Fig. 8 . The influence of the vertex singularities at x 3 = ±1 is visible, resulting in strong gradients in ESIF (which tends to 1 at the vertices).
Summary
The elastic solution in the vicinity of edges in anisotropic multi-material interfaces representative of composite mate- rials was provided for three different problems. These solutions, although being computed by numerical methods presented in [3] are of very high accuracy, therefore suggested as benchmarks for the verification of various methods aimed at computing edge stress intensity functions in composite-like structures. 
